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Teaching Electromagnetic Field
Theory Using Differential Forms

Karl F. Warnick, Richard H. Selfridge, Member, IEEE, and David V. Arnold

Abstract— The calculus of differential forms has significant
advantages over traditional methods as a tool for teaching electro-
magnetic (EM) field theory: First, forms clarify the relationship
between field intensity and flux density, by providing distinct
mathematical and graphical representations for the two types of
fields. Second, Ampere’s and Faraday’s laws obtain graphical
representations that are as intuitive as the representation of
Gauss’s law. Third, the vector Stokes theorem and the divergence
theorem become special cases of a single relationship that is easier
for the student to remember, apply, and visualize than their
vector formulations. Fourth, computational simplifications result
from the use of forms: derivatives are easier to employ in curvilin-
ear coordinates, integration becomes more straightforward, and
families of vector identities are replaced by algebraic rules. In
this paper, EM theory and the calculus of differential forms are
developed in parallel, from an elementary, conceptually oriented
point of view using simple examples and intuitive motivations. We
conclude that because of the power of the calculus of differential
forms in conveying the fundamental concepts of EM theory, it
provides an attractive and viable alternative to the use of vector
analysis in teaching electromagnetic field theory.

I. INTRODUCTION

CERTAIN questions are often asked by students of elec-
tromagnetic (EM) field theory: Why does one need both

field intensity and flux density to describe a single field? How
does one visualize the curl operation? Is there some way to
make Ampere’s law or Faraday’s law as physically intuitive as
Gauss’s law? The Stokes theorem and the divergence theorem
seem vaguely similar; do they have a deeper connection?
Because of difficulty with concepts related to these questions,
some students leave introductory courses lacking a real under-
standing of the physics of electromagnetics. Interestingly, none
of these concepts are intrinsically more difficult than other
aspects of EM theory; rather, they are unclear because of the
limitations of the mathematical language traditionally used to
teach electromagnetics: vector analysis. In this paper, we show
that the calculus of differential forms clarifies these and other
fundamental principles of electromagnetic field theory.
The use of the calculus of differential forms in electro-

magnetics has been explored in several important papers and
texts, including Misner, Thorne, and Wheeler [1], Deschamps
[2], and Burke [3]. These works note some of the advantages
of the use of differential forms in EM theory. Misner et al.
and Burke treat the graphical representation of forms and
operations on forms, as well as other aspects of the application
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of forms to electromagnetics. Deschamps was among the
first to advocate the use of forms in teaching engineering
electromagnetics.
Existing treatments of differential forms in EM theory

either target an advanced audience or are not intended to
provide a complete exposition of the pedagogical advantages
of differential forms. This paper presents the topic on an
undergraduate level and emphasizes the benefits of differential
forms in teaching introductory electromagnetics, especially
graphical representations of forms and operators. The calculus
of differential forms and principles of EM theory are intro-
duced in parallel, much as would be done in a beginning EM
course. We present concrete visual pictures of the various field
quantities, Maxwell’s laws, and boundary conditions. The aim
of this paper is to demonstrate that differential forms are an
attractive and viable alternative to vector analysis as a tool for
teaching electromagnetic field theory.

A. Development of Differential Forms
Cartan and others developed the calculus of differential

forms in the early 1900’s. A differential form is a quantity
that can be integrated, including differentials. More precisely,
a differential form is a fully covariant, fully antisymmetric
tensor. The calculus of differential forms is a self-contained
subset of tensor analysis.
Since Cartan’s time, the use of forms has spread to many

fields of pure and applied mathematics, from differential
topology to the theory of differential equations. Differential
forms are used by physicists in general relativity [1], quantum
field theory [4], thermodynamics [5], mechanics [6], as well
as electromagnetics. A section on differential forms is com-
monplace in mathematical physics texts [7], [8]. Differential
forms have been applied to control theory by Hermann [9]
and others.

B. Differential Forms in EM Theory
The laws of electromagnetic field theory as expressed by

James Clerk Maxwell in the mid 1800’s required dozens of
equations. Vector analysis offered a more convenient tool for
working with EM theory than earlier methods. Tensor analysis
is in turn more concise and general, but is too abstract to give
students a conceptual understanding of EM theory. Weyl and
Poincaé expressed Maxwell’s laws using differential forms
early this century. Applied to electromagnetics, differential

0018–9359/97$10.00 © 1997 IEEE
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Fig. 4. The -form , with cubes of side equal to one. The cubes
fill all space.

its orientation is in the direction of the surface’s oriention, and
negatively if opposite. This is illustrated in Fig. 3(b).
As with -forms, -forms correspond to vector fields in

a simple way. An arbitrary -form
is dual to the vector field , so that

the flux density -forms and are dual to the usual flux
density vectors and .

D. -Forms: Charge Density
Some scalar physical quantities are densities, and can be

integrated over a volume. For other scalar quantities, such
as electric potential, a volume integral makes no sense. The
calculus of forms distinguishes between these two types of
quantities by representing densities as -forms. Volume charge
density, for example, becomes

(1)

where is the usual scalar charge density in the notation of [2].
A -form is represented by three sets of surfaces in space

that intersect to form boxes. The density of the boxes is
proportional to the coefficient of the -form; the greater the
coefficient, the smaller and more closely spaced are the boxes.
A point charge is represented by an infinitesimal box at the
location of the charge. The -form is the union of
three families of planes perpendicular to each of the
and axes. The planes along each of the axes are spaced
one unit apart, forming cubes of unit side distributed evenly
throughout space, as in Fig. 4. The orientation of a -form
is given by specifying the sign of its boxes. As with other
differential forms, the orientation is usually clear from context
and is omitted from figures.

E. -Forms: Scalar Potential
-forms are functions. The scalar potential , for example,

is a -form. Any scalar physical quantity that is not a volume
density is represented by a -form.

F. Summary
The use of differential forms helps students to understand

electromagnetics by giving them distinct mental pictures that

they can associate with the various fields and sources. As
vectors, field intensity and flux density are mathematically
and graphically indistinguishable as far as the type of physical
quantity they represent. As differential forms, the two types of
quantities have graphical representations that clearly express
the physical meaning of the field. The surfaces of a field
intensity -form assign potential change to a path. The tubes
of a flux density -form give the total flux or flow through a
surface. Charge density is also distinguished from other types
of scalar quantities by its representation as a -form.

III. MAXWELL’S LAWS IN INTEGRAL FORM
In this section, we discuss Maxwell’s laws in integral

form in light of the graphical representations given in the
previous section. Using the differential forms defined in Table
II, Maxwell’s laws can be written

(2)

The first pair of laws is often more difficult for students to
grasp than the second, because the vector picture of curl is
not as intuitive as that for divergence. With differential forms,
Ampere’s and Faraday’s laws are graphically very similar to
Gauss’s laws for the electric and magnetic fields. The close
relationship between the two sets of laws becomes clearer.

A. Ampere’s and Faraday’s Laws
Faraday’s and Ampere’s laws equate the number of surfaces

of a -form pierced by a closed path to the number of tubes
of a -form passing through the path. Each tube of , for
example, must have a surface of extending away from it, so
that any path around the tube pierces the surface of . Thus
Ampere’s law states that tubes of displacement current and
electric current are sources for surfaces of . This is illustrated
in Fig. 5(a). Likewise, tubes of time-varying magnetic flux
density are sources for surfaces of .
The illustration of Ampere’s law in Fig. 5(a) is arguably

the most important pedagogical advantage of the calculus of
differential forms over vector analysis. Ampere’s and Fara-
day’s laws are usually considered the more difficult pair of
Maxwell’s laws, because vector analysis provides no simple
picture that makes the physical meaning of these laws intuitive.
Compare Fig. 5(a) to the vector representation of the same
field in Fig. 5(b). The vector field appears to “curl” everywhere
in space. Students must be convinced that indeed the field
has no curl except at the location of the current, using some
pedagogical device such as an imaginary paddle wheel in a
rotating fluid. The surfaces of , on the other hand, end
only along the tubes of current; where they do not end, the
field has no curl. This is the fundamental concept underlying

C
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dx ^ dy = �dy ^ dx , etc.

Wedge Product

For two 1-forms, p=1 and q=1, 
the product is antisymmetric 

dx ^ dx = �dx ^ dx = 0

So,

↵ ^ � = (�1)pq� ^ ↵
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Cross and dot product are equivalent to special cases 
of the wedge product which obeys

Differential Form Version of Vector 
Identities

↵ ^ � = (�1)pq� ^ ↵

Div, Grad, and Curl are equivalent to the special cases 
of the exterior derivative, d.

d(↵ ^ �) = d↵+ (�1)p↵ ^ d�
dd↵ = 0
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C. Exterior Derivative of -Forms
The exterior derivative of a -form is computed by the same

rule as for -forms and -forms: take partial derivatives by
each coordinate variable and add the corresponding differential
on the left. For an arbitrary -form

where six of the terms vanish due to repeated differentials.
The coefficient of the resulting -form is the divergence of the
vector field dual to .

D. Properties of the Exterior Derivative
Because the exterior derivative unifies the gradient, curl, and

divergence operators, many common vector identities become
special cases of simple properties of the exterior derivative.
The equality of mixed partial derivatives leads to the identity

(25)

so that the exterior derivative applied twice yields zero.
This relationship is equivalent to the vector relationships

and . The exterior derivative
also obeys the product rule

(26)

where is the degree of . A special case of (26) is

These and other vector identities are often placed in reference
tables; by contrast, (25) and (26) are easily remembered.
The exterior derivative in cylindrical coordinates is

(27)

which is the same as for rectangular coordinates but with the
coordinates in the place of . Note that the exterior
derivative does not require the factor of that is involved in
converting forms to vectors and applying the star operator. In
spherical coordinates

(28)

where the factors and are not found in the exterior
derivative operator. The exterior derivative is

(29)

in general orthogonal coordinates. The exterior derivative is
much easier to apply in curvilinear coordinates than the vector
derivatives; there is no need for reference tables of derivative
formulas in various coordinate systems.

(a) (b)

Fig. 15. The Stokes theorem for a -form. (a) The loop pierces
three of the surfaces of . (b) Three tubes of pass through any surface

bounded by the loop .

(a) (b)

Fig. 16. Stokes theorem for a -form. (a) Four tubes of the -form
pass through a surface. (b) The same number of boxes of the -form lie
inside the surface.

E. The Generalized Stokes Theorem
The exterior derivative satisfies the generalized Stokes the-

orem, which states that for any -form

(30)

where is a -dimensional region of space and
is its boundary. If is a -form, then the Stokes theorem
becomes

This is the fundamental theorem of calculus.
If is a -form, then is a closed loop and is a

surface that has the path as its boundary. This case is analogous
to the vector Stokes theorem. Graphically, the number of
surfaces of pierced by the loop equals the number of tubes
of the -form that pass through the loop (Fig. 15).
If is a -form, then is a closed surface and

is the volume inside it. The Stokes theorem requires that the
number of tubes of that cross the surface equal the number
of boxes of inside the surface, as shown in Fig. 16. This
is equivalent to the vector divergence theorem.

d(A ^B) = dA ^B + (�1)1A ^ dB = dA ^B �A ^ dB

↵ �   and     1-forms

1-forms ⟷"vectors

~r · ( ~A⇥ ~B) = ~B · (~r⇥ ~A)� ~A · (~r⇥ ~B)

Example:

Div, Grad, and Curl
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orem, which states that for any -form

(30)

where is a -dimensional region of space and
is its boundary. If is a -form, then the Stokes theorem
becomes

This is the fundamental theorem of calculus.
If is a -form, then is a closed loop and is a

surface that has the path as its boundary. This case is analogous
to the vector Stokes theorem. Graphically, the number of
surfaces of pierced by the loop equals the number of tubes
of the -form that pass through the loop (Fig. 15).
If is a -form, then is a closed surface and

is the volume inside it. The Stokes theorem requires that the
number of tubes of that cross the surface equal the number
of boxes of inside the surface, as shown in Fig. 16. This
is equivalent to the vector divergence theorem.

d(A ^B) = dA ^B + (�1)1A ^ dB = dA ^B �A ^ dB

~r · ( ~A⇥ ~B) = ~B · (~r⇥ ~A)� ~A · (~r⇥ ~B)

↵ �   and     1-forms

d of a 0-form ⟷"gradient
d of a 1-form ⟷"curl
d of a 2-form ⟷"divergence
d of a 3-form is zero

The wedge of a 1-form and a 2-form ⟷"Dot Product

Example:

Div, Grad, and Curl
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C. Exterior Derivative of -Forms
The exterior derivative of a -form is computed by the same

rule as for -forms and -forms: take partial derivatives by
each coordinate variable and add the corresponding differential
on the left. For an arbitrary -form

where six of the terms vanish due to repeated differentials.
The coefficient of the resulting -form is the divergence of the
vector field dual to .

D. Properties of the Exterior Derivative
Because the exterior derivative unifies the gradient, curl, and

divergence operators, many common vector identities become
special cases of simple properties of the exterior derivative.
The equality of mixed partial derivatives leads to the identity

(25)

so that the exterior derivative applied twice yields zero.
This relationship is equivalent to the vector relationships

and . The exterior derivative
also obeys the product rule

(26)

where is the degree of . A special case of (26) is

These and other vector identities are often placed in reference
tables; by contrast, (25) and (26) are easily remembered.
The exterior derivative in cylindrical coordinates is

(27)

which is the same as for rectangular coordinates but with the
coordinates in the place of . Note that the exterior
derivative does not require the factor of that is involved in
converting forms to vectors and applying the star operator. In
spherical coordinates

(28)

where the factors and are not found in the exterior
derivative operator. The exterior derivative is

(29)

in general orthogonal coordinates. The exterior derivative is
much easier to apply in curvilinear coordinates than the vector
derivatives; there is no need for reference tables of derivative
formulas in various coordinate systems.

(a) (b)

Fig. 15. The Stokes theorem for a -form. (a) The loop pierces
three of the surfaces of . (b) Three tubes of pass through any surface

bounded by the loop .

(a) (b)

Fig. 16. Stokes theorem for a -form. (a) Four tubes of the -form
pass through a surface. (b) The same number of boxes of the -form lie
inside the surface.

E. The Generalized Stokes Theorem
The exterior derivative satisfies the generalized Stokes the-

orem, which states that for any -form

(30)

where is a -dimensional region of space and
is its boundary. If is a -form, then the Stokes theorem
becomes

This is the fundamental theorem of calculus.
If is a -form, then is a closed loop and is a

surface that has the path as its boundary. This case is analogous
to the vector Stokes theorem. Graphically, the number of
surfaces of pierced by the loop equals the number of tubes
of the -form that pass through the loop (Fig. 15).
If is a -form, then is a closed surface and

is the volume inside it. The Stokes theorem requires that the
number of tubes of that cross the surface equal the number
of boxes of inside the surface, as shown in Fig. 16. This
is equivalent to the vector divergence theorem.

d(A ^B) = dA ^B + (�1)1A ^ dB = dA ^B �A ^ dB

~r · ( ~A⇥ ~B) = ~B · (~r⇥ ~A)� ~A · (~r⇥ ~B)

↵ �   and     1-formsExample:

Div, Grad, and Curl



Goals

• Create an on-line repository of student-friendly learning 
materials for differential forms
 
• Side-by-side derivations with vectors and differential forms

• Detailed sample problems in both languages for easy 
comparison

• Models for 3D printing

• Applications to other subfields of physics (fluids, general 
relativity, etc.)

• Applications to computation



Thank you!

Contact: kbradonj@wellesley.edu


